Introduction to neural networks

Second lecture

Lecturer: A. Taylor

Version of the slides: February 17, 2026.

Thanks Erwan Scornet (original slides) and Pontus Giselsson
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@ Learning & neural network basics
@ Features
@ Backpropagation

e Hyperparameters
@ How to choose the number of hidden layers/neurons?
@ Activation functions
@ Output units
@ Loss functions
@ Weight initialization

© Generalization & regularization
@ Validation
@ Penalization
@ Dropout
@ Batch normalization
@ Early stopping

O Allin all
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Outline

© Learning & neural network basics
o Features
@ Backpropagation
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Reminder: supervised learning

Problem setup:
@ input measurement X € X,
@ output measurement Y € Y,
o (X, Y) ~ D with D unknown,
e training data : D, = {(X1, Y1),...,(Xs, Yo)} (i.id. ~P).
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Examples:
o X € R? and Y € {—1,1} (classification, sometimes Y € {0,1}),
e or X € R? and Y € R (regression).
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Reminder: empirical risk minimization

@ The prediction is given by f;(x).
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@ The prediction is given by f;(x).

@ Empirical risk minimization:
n

1
argmin Z Ly, fo(xi)) = argmm = ZE @)

0 -
i=1
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@ Empirical risk minimization:
n

1
argmin Z Ly, fo(xi)) = argmm = ZE @)

0 -
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> for now: assume ¢;(-) is differentiable with nonzero gradient almost everywhere,
> (so 0-1 loss function is prohibited).
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Reminder: empirical risk minimization

@ The prediction is given by f)(x).

@ Empirical risk minimization:
n

1
argmin Z Ly, fo(xi)) = argmm = Zﬂ @)

0 -
i=1

> for now: assume ¢;(-) is differentiable with nonzero gradient almost everywhere,

> (so 0-1 loss function is prohibited).

@ Apply stochastic gradient descent with step-size n: > 0

Stochastic gradient descent

While |0: — 01| > € do
Sample I; C {1,...,n}

Ori1 = Op — (II | Zv,}e (er))

i€ly
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Reminder: deep learning vs. traditional learning

Deel learning is subfield of machine learning:

@ unstructured data,
@ automated feature extraction.

£
=eE

ARTIFICIAL INTELLIGENCE

o<
@

INPUT FEATURE EXTRACTION CLASSIFICATION OUTPUT

DEEP LEARNING

2 2 X
Y aYaYaYaVaW

—

FEATURE EXTRACTION + CLASSIFICATION OUTPUT
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Outline

© Learning & neural network basics
@ Features
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Linear regression

Data: {(x1,Y1),---,(Xn, ¥n)}. For simplicity, denote X; = (x;, 1).
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Data: {(x1,Y1),---,(Xn, ¥n)}. For simplicity, denote X; = (x;, 1). — Find model: y ~ f)(x) = (0, %):

Example: linear least-squares

with £(yi, fy(x;)) = |(0, %) — yi|*.
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Linear regression

Data: {(x1,Y1),---,(Xn, ¥n)}. For simplicity, denote X; = (x;, 1). — Find model: y ~ f)(x) = (0, %):

Example: linear least-squares
n
1
argmin — yi, fo(xi
min - Z RACH)

with £(yi, f5(x;)) = [(0, %) — yi|>. Shorthand (matrix) notation:

x1 1 %1

1 5 X2 1 3%

argmin EHX() -Y|z with X=1 . .|, Y=/|.
0 : : .

xp 1 Yn
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Regression: example

What if actual data is nonlinear? For instance, generate data according to: y = wix + wax® + b.
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regression
—
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Regression: example

What if actual data is nonlinear? For instance, generate data according to: y = wix + wax® + b.

What to do?

@ add features?

@ how to solve the resulting regression problem?

linear
regression
—
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Example: polynomial regression

e Model: f(x) = wix + wox? 4+ . 4 wyx? + b,

e Parameters: 0 = (wi, ws, ..., wy, b).
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Example: polynomial regression

e Model: f(x) = wix + wox? 4+ . 4 wyx? + b,

e Parameters: 0 = (wi, ws, ..., wy, b).

o Fact: polynomial regression is linear regression in higher-dimensional space:

R
argmin ;ﬁ(yu fo(xi))

with £(yi, fo(xi)) = |b + wix; + Wox? 4 ..+ waxf — y,-\2.
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Example: polynomial regression
e Model: f(x) = wix + wox? 4+ . 4 wyx? + b,
e Parameters: 0 = (wi, ws, ..., wy, b).

o Fact: polynomial regression is linear regression in higher-dimensional space:
n
1
in = Wvi. £ (x:
argmin i; (i, fo(xi))
with £(yi, fo(xi)) = |b + wix; + Wox? 4 .+ waxf — }/i‘2-

Shorthand (matrix) notation:

X1 x12 o xld 1 Vi
1 5 X2 x22 .. de 1 Y2

argmin = ||X0 — Y|z with X=1] . . .Y =
Xn X,? o x,‘f 1 Yn
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Regression: example

What if actual data is nonlinear? For instance, generate data according to: y = wix 4+ wsx® + b.

Linear regression:
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Regression: example

What if actual data is nonlinear? For instance, generate data according to: y = wix 4+ wsx® + b.

Quadratic regression:
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Regression: example

What if actual data is nonlinear? For instance, generate data according to: y = wix 4+ wsx® + b.

Cubic regression:
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Regression with more features: interpretation

How to enrich those models? add (or change) features!
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Regression with more features: interpretation

How to enrich those models? add (or change) features!

Interpretation: perform linear regression in larger-dimensional space.
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Relationship with neural networks?

el
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Relationship with neural networks?

Interpretation: for neural network with N layers:
o first N — 1 layers perform “feature extraction”,
@ last layer perform linear regression/classification.
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Relationship with neural networks?

Interpretation: for neural network with N layers:
o first N — 1 layers perform “feature extraction”,
@ last layer perform linear regression/classification.
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Classification

Non-linear classification using the same idea?
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Classification

Non-linear classification using the same idea?

1F i
08 | EE ,
06 | --‘L ] —
0.4t —
02t —
of i

15 1 05 0 05 1 15

it looks like a parabolla — add feature x°.
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Classification

Non-linear classification using the same idea? it looks like a parabolla — add feature x?.

— lift & perform linear separation!

15 /124



Reminder: training problem

@ The prediction of the network is given by f;(x) —s 0 contains all weights W/*) and biases b,
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@ The prediction of the network is given by f;(x) —s 0 contains all weights W/*) and biases b,

@ Empirical risk minimization:
n

1 I
argmin — Zf(y,-, fo(xi)) = arg(r/'nm . 26;(6)

0 -
i=1
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Reminder: training problem

@ The prediction of the network is given by f;(x) —s 0 contains all weights W/*) and biases b,

@ Empirical risk minimization:
n

n

1 _ 1

argmin Z Uy, fo(xi)) = arg(r/'nm - ZE;(H)
i=1 i=1

> for now: assume /;(-) is differentiable with nonzero gradient almost everywhere,

> (so 0-1 loss function is prohibited).
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@ Empirical risk minimization:
n

1 I
argmin — Zf(y,-, fo(xi)) = arg(r/'nm . 26;(6)

0 -
i=1

> for now: assume /;(-) is differentiable with nonzero gradient almost everywhere,

> (so 0-1 loss function is prohibited).
@ Apply stochastic gradient descent with step-size n; > 0.

Stochastic gradient descent

While |0; — 0:—1| > € do
Sample I; C {1,...,n}

1
Ory1 =0 — nt(m ZVU&((%)>
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Reminder: training problem

o The prediction of the network is given by f,(x) ~ — ¢ contains all weights /*) and biases b'".

@ Empirical risk minimization:
n

n

1 _ 1

argmin Z Uy, fo(xi)) = argmin ZE;(H)
i=1 i=1

> for now: assume /;(-) is differentiable with nonzero gradient almost everywhere,

> (so 0-1 loss function is prohibited).

@ Apply stochastic gradient descent with step-size n; > 0.

Stochastic gradient descent

While |0; — 0:—1| > € do
Sample I; C {1,...,n}

1
Ory1 =0 — nt(m ZVM,’(H{O

i€ly

Need to compute V,/; efficiently — backpropagation!
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Outline

© Learning & neural network basics

@ Backpropagation
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Backpropagation

How to compute V,/; efficiently?

A clever gradient descent implementation
@ Popularized by Rumelhart, McClelland, Hinton,?
@ can be traced back to Werbos,”

@ a (smart) use of chain rule for derivatives.

?Rumelhart et al. 1986; see also Nobel prizes in Physics, 2024.
b\Werbos 1974

— key ingredient to make neural networks (NN) work!

— at the core of deep learning!
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https://www.nobelprize.org/prizes/physics/2024/summary/

Backpropagation

Apply same ideas to gradients of neural networks.

0
s s St
2

7 > ==
SEXH
s

=X
N~SDES Z>
@O

o~
X7

Description:

f)(x) == U(W(L)U(W(Lfl)g(. .. (Wma(W(l)x—i— b(l)) + b(2)),_,)+ b(L*l)) + b(L))

where ¢ contains all W) and b'“) (k =1,...,L). Convenient notation:

a® = o (Wl £ p0)  or 20 = W) g (KDY b,
—_——

———

= —alk=1)
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Backpropagation for a traditional NN

Neural network with L layers, with vector output and loss
c) 2 Uy, a(W oW a(- - (W a(WDx 4+ b)Y+ 7)oy 4 55y 4 b)),

For convenience, introduce a few intermediary notation:
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Backpropagation for a traditional NN
Neural network with L layers, with vector output and loss

C0) 2 oy, s (W o (W Vo(--- (WDa(WPx 4+ 1) 4 6@y 4 D) 4 1)),
For convenience, introduce a few intermediary notation:

o truncated parameters 0'°) that contain W' .. W) and pU0 L b
(so 0" is empty and #°) contains all parameters).
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c) 2 Uy, a(W oW a(- - (W a(WDx 4+ b)Y+ 7)oy 4 55y 4 b)),

For convenience, introduce a few intermediary notation:

o truncated parameters 0'°) that contain W' .. W) and pU0 L b

(so 0" is empty and #°) contains all parameters).
@ truncated loss
C(k)(()(k) z(k)) A oy J(W(L)U(, . (W(k 1)0(2(’0) + plk 1)) )+ b(L))

with COOH z0) 2 4(y, o(zM)). Important note: in practice,

C(L)(()(L),Z(L)) _ C(L—l)(()(L*U’Z(L—l)) I C(O)(()(O)7 Z(O)).
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Neural network with L layers, with vector output and loss

c) 2 Uy, a(W oW a(- - (W a(WDx 4+ b)Y+ 7)oy 4 55y 4 b)),

For convenience, introduce a few intermediary notation:
o truncated parameters 0'°) that contain W' .. W) and pU0 L b
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@ truncated loss

C(k)(()(k)’z(k)) A oy, J(W(L)U(, . (W(k 1)U(Z(k)) + plkd 1)) )+ b(L))7

with COOH z0) 2 4(y, o(zM)). Important note: in practice,

C(L)(()(L),Z(L)) _ C(L—l)(()(L*U’Z(L—l)) I C(O)(()(O)7 Z(O)).

k
o We will intensively use 5}’() £ ZC—((k))(()(k),Z(k)) for our computations.
'z,
J

e Additional Notes:

» z(D .. 20 (and aD), ..., a(k)) do not depend on 0(%) (“causality”).
> consequence: %({)) = %(K)(k),z(”)_
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Unrolling derivatives via chain rule

Consider a simple unidimensional network:
o dataset x; € R and y; € {—1,1} for i = 1,..., n (all datapoints),
o parameters w'“) e R, bV e R for k=1,...,L (all layers).
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Unrolling derivatives via chain rule

Consider a simple unidimensional network:
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Unrolling derivatives via chain rule

Consider a simple unidimensional network:

o dataset x; € R and y; € {—1,1} for i = 1,..., n (all datapoints),
o parameters w'“) e R, bV e R for k=1,...,L (all layers).

20 = wWx 4 p® 29 = w30 4 p? 23 = w333 4 pB)

C=t(y,a?)

(1) _ ac) _ §(2) 90 () _ ac® _ <(3) (3) 1((2) 3) _ oc® _ o _i(_(3)
W =90 =025 60 =35 =Ouwo(2®) 6O =I5 = Z50'(2%)
adc‘ _ 5(1)310‘1 — 5@ aac §2) 022 _ 5(2) 41) o9 _ 53229 _ 53)42)
w w w2 w2 ) w()

ac  _ smaH _ s(1) ac  _ 520 0:P _ 5(2) ac _ s(3) 9% _ 503)
ab! =4 abl =4 ab g ae,‘fﬁ a:w*‘s a;,w*‘s
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Unrolling derivatives via chain rule

Consider a simple unidimensional network:
o dataset x; € R and y; € {—1,1} for i = 1,..., n (all datapoints),
o parameters w'“) e R, bV e R for k=1,...,L (all layers).

20 = My 4 p® 22 = M 4 pC 203 = 5@ 4 p
X C =((y,a?)
. ¢ > . ac® 3) o) ‘
sV = 3C — 5@, ‘U'(z(l)) 5@ — 25(2) — 53, a/(zm) 53 — c’JC(a) — Baé) a/(zm)
adc‘ (1)31 50 o _ 50 gi@} =5@an  0C 5O af“" — 60,0
_oc _ s(1) 9D oz“J _ s(1) aC  _ (20922 _ (2) ac  _ 5(3)22% _ 5(3)
bl =4 =9 ab =9 ae,‘fﬁ a:w*‘s a;,w*‘s
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Backpropagation equations for traditional neural network

Denote by ® the element-wise (a.k.a., Hadamard) product and £(y, a) the loss
Initialize ) = o’/(zM)) © %&(y, alV).

Fundamental equations of backpropagation (for traditional neural network):

@ derivatives with respect to input values at layer k
6(k) _ (( W(/( 1))T6(k+1)) o) o_/(z(k)) (1)

(those quantities are not of direct interest, but allows for efficient computations),
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Backpropagation equations for traditional neural network

Denote by ® the element-wise (a.k.a., Hadamard) product and £(y, a) the loss
Initialize ) = o’/(zM)) © %&(y, alV).

Fundamental equations of backpropagation (for traditional neural network):

@ derivatives with respect to input values at layer k
6(k) _ (( W(/( 1))T6(k+1)) o) o_/(z(k)) (1)

(those quantities are not of direct interest, but allows for efficient computations),

@ derivatives with respect to parameters

ac -
op =0
J
(2)
ac -
€0 =,
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Reminder: backpropagation

Convenient notation:

(recall that 2\ is input for layer /).

Backpropagation:
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Reminder: backpropagation

Convenient notation:

(recall that 2\ is input for layer /).

Backpropagation:
o apply chain rule to compute (efficiently) gradient of the loss,
one full forward and backward pass necessary per datapoint,

so: full gradient requires n forward and n backward passes,

so: usually only “stochastic gradient” are computed.
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Reminder: backpropagation

Convenient notation:

:=alk—1)

(recall that 2\ is input for layer /).

Backpropagation:
o apply chain rule to compute (efficiently) gradient of the loss,
one full forward and backward pass necessary per datapoint,

so: full gradient requires n forward and n backward passes,

so: usually only “stochastic gradient” are computed.

Generally: even when things are not differentiable, dO as if they were. [“Conservative set valued fields, automatic differentiation,

stochastic gradient methods and deep learning”, Bolte and Pauwels 2021]
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Training a traditional neural network
Let

where zj(k) is the input of neuron j at layer k.

Neural network training

(a) Initialize randomly the weights and biases in the network.

(b) For all training samples (x;)icg in the batch B,

4
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Training a traditional neural network

Let
50 ack)
PO
J
where zj(k) is the input of neuron j at layer k.

Neural network training
(a) Initialize randomly the weights and biases in the network.

(b) For all training samples (x;)icg in the batch B,

@ Feedforward: send all samples of the batch through the network and store the values of activation functions and

their derivatives (at each neuron).

V.
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Let
50 ack)
PO
J
where zj(k) is the input of neuron j at layer k.

Neural network training
(a) Initialize randomly the weights and biases in the network.

(b) For all training samples (x;)icg in the batch B,

@ Feedforward: send all samples of the batch through the network and store the values of activation functions and
their derivatives (at each neuron).

@ Output loss: compute the neural network loss average on all samples of the batch.

V.
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Training a traditional neural network
Let

where zj(k) is the input of neuron j at layer k.

Neural network training

(a) Initialize randomly the weights and biases in the network.

(b) For all training samples (x;)icg in the batch B,

@ Feedforward: send all samples of the batch through the network and store the values of activation functions and

their derivatives (at each neuron).

@ Output loss: compute the neural network loss average on all samples of the batch.

© Backpropagation (BP): compute recursively the vectors 6(K) starting from k = L to k = 1 with (1). Compute

gradients wrt parameters with (2).

V.
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Training a traditional neural network

Let

where 2z

;" is the input of neuron j at layer k.

Neural network training

(a) Initialize randomly the weights and biases in the network.

(b) For all training samples (x;)icg in the batch B,

@ Feedforward: send all samples of the batch through the network and store the values of activation functions and
their derivatives (at each neuron).

@ Output loss: compute the neural network loss average on all samples of the batch.

© Backpropagation (BP): compute recursively the vectors 6(K) starting from k = L to k = 1 with (1). Compute
gradients wrt parameters with (2).

@ Optimization: update the weights and biases using a gradient-based optimization procedure, using the gradient
previously computed.

V.
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Training a traditional neural network

Let

where 2z

;" is the input of neuron j at layer k.

Neural network training

(a) Initialize randomly the weights and biases in the network.

(b) For all training samples (x;)icg in the batch B,

@ Feedforward: send all samples of the batch through the network and store the values of activation functions and
their derivatives (at each neuron).

@ Output loss: compute the neural network loss average on all samples of the batch.

© Backpropagation (BP): compute recursively the vectors 6(K) starting from k = L to k = 1 with (1). Compute
gradients wrt parameters with (2).

@ Optimization: update the weights and biases using a gradient-based optimization procedure, using the gradient
previously computed.

(c) Repeat step (b) until some convergence criterion is reached.

V.
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Targets for today: understand key ingredients & pipeline!

What does this do?

import torch
import math

# Create Tensors to hold input and outputs
x = torch.linspace(-math.pi, math.pi, 2000)
y = torch.sin(x)

# Prepare the input tensor (x, x"°2, x"3).
p = torch.tensor([1, 2, 3])
rx = x.unsqueeze(-1).pow(p)
# Use the nn package to define our architecture
model = torch.nn.Sequential(
torch.nn.Linear(3, 3),
torch.nn.LeakyReLU(),
torch.nn.Linear(3, 1),
torch.nn.Flatten(0, 1)
)

# use the nn package to define our loss
loss_fn = torch.nn.MSELoss(reduction="'mean')
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Targets for today: understand the key ingredients & pipeline!

What does this do?

# use the optim package to define the algorithm

learning_rate = le-3

optimizer = torch.optim.RMSprop(model.parameters(), lr=learning_rate)
for t in range(2000):

# Forward pass: compute predicted y by passing x to the model.
y_pred = model(xx)

# Computes the loss
loss = loss_fn(y_pred, y)

# Zero out accumulated gradients
optimizer.zero_grad()

# Backward pass --> computes gradients
loss.backward()

# One step of the optimizer
optimizer.step()
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Outline

© Hyperparameters
@ How to choose the number of hidden layers/neurons?
@ Activation functions
@ Output units
@ Loss functions
@ Weight initialization
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What to set in a neural network?

Input Hidden Hidden Hidden Output
layer layer 1 layer 2 layer 3 layer

Network structure: o
timization:
o Number of layers / neurons per layer. P

- . @ Optimization algorithm.
@ Activation functions. P &

e Output unit.

. L @ Loss function.
@ Specific layers (dropout, batch normalization, etc.).

@ Weights/biases initialization.
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What to set in a neural network?

Input Hidden Hidden Hidden Output
layer layer 1 layer 2 layer 3 layer

Network structure:

e Number of layers / neurons per layer Optimization:

_ @ Optimization algorithm
°

o Output unit

@ Weights/biases initialization

@ Loss function
@ Specific layers (dropout, batch normalization, etc.)
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Outline

@ Hyperparameters
@ How to choose the number of hidden layers/neurons?
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Number of hidden layers/neurons
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http://playground.tensorflow.org

Number of hidden layers/neurons

@ No particular rules for choosing number of layers or number of neurons per layer.
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@ No particular rules for choosing number of layers or number of neurons per layer.

@ Read research papers related to the target task, test proposed architectures.

o Play with the architecture and see how it influences performance.
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Number of hidden layers/neurons

@ No particular rules for choosing number of layers or number of neurons per layer.
@ Read research papers related to the target task, test proposed architectures.
o Play with the architecture and see how it influences performance.

A : many rules of thumb not supported by evidence (neither practical, nor theoretical).
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Number of hidden layers/neurons

@ No particular rules for choosing number of layers or number of neurons per layer.
@ Read research papers related to the target task, test proposed architectures.

o Play with the architecture and see how it influences performance.

A : many rules of thumb not supported by evidence (neither practical, nor theoretical).

o Use data-driven strategies:

» Network pruning following the procedure training/pruning/training/pruning/...
[“What is the state of neural network pruning?”, Blalock et al. 2020]

» More complex evolutionary algorithms

[“AgEBO-Tabular: Joint Neural Architecture and Hyperparameter Search with Autotuned Data-Parallel Training for Tabular Data”, Egele et al. 2020]
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Number of hidden layers/neurons

@ No particular rules for choosing number of layers or number of neurons per layer.
@ Read research papers related to the target task, test proposed architectures.
o Play with the architecture and see how it influences performance.

A : many rules of thumb not supported by evidence (neither practical, nor theoretical).

o Use data-driven strategies:

» Network pruning following the procedure training/pruning/training/pruning/...
[“What is the state of neural network pruning?”, Blalock et al. 2020]

» More complex evolutionary algorithms
[“AgEBO-Tabular: Joint Neural Architecture and Hyperparameter Search with Autotuned Data-Parallel Training for Tabular Data”, Egele et al. 2020]

@ Experience is the key!

@ Don't hesitate to test http://playground.tensorflow.org.
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Outline

© Hyperparameters

@ Activation functions
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Step (0 — 1) activation function

Comments:

1o _—— @ Any issue?

Figure: Step (0 — 1) activation function.
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Step (0 — 1) activation function

Comments:

1o _—— @ Any issue?
» Zero gradient almost everywhere.

Figure: Step (0 — 1) activation function.
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Step (0 — 1) activation function

Comments:

1o _—— @ Any issue?
» Zero gradient almost everywhere.

» How to optimize?

Figure: Step (0 — 1) activation function.
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Step (0 — 1) activation function

Comments:

1o _—— @ Any issue?
» Zero gradient almost everywhere.

» How to optimize?

— Should be avoided at all cost.

Figure: Step (0 — 1) activation function.
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Sigmoid activation function

Comments:

/

@ Saturation (horizontal asymptotes):

> gradient close to zero in these areas (+£o0),

> rescaling inputs of each layer can help to avoid these areas.

@ Sigmoid is not a zero-centered function.

o Computing exp(x) is a bit costly.

P

-5 -4 -3 -2 -1 0 1 2 3 4 5

Figure: Sigmoid activation function o

_ exp(x)
o X T T exo(x) T+ exp(x)

. exp(x)
7 T+ exp(x))?
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Hyperbolic tangent

/

-1
-5 -4 -3 -2 -1 0 1 2 3 4 5

Figure: Hyperbolic tangent (tanh)

o, o) — ep(—x)
BN X b () + exp(—x)
exp(2x)

h': b——
tan X = 1+ exp(2x))2

Comments:
@ Function tanh is zero-centered

> no need to rescale data.

@ Saturation (horizontal asymptotes):

> gradient close to zero in these areas (+o0),

> rescaling inputs of each layer can help to avoid these areas.

e Computing exp(x) is a bit costly.

Note that tanh(x) = 20(2x) — 1.

35/124



Rectified linear unit (ReLU)

Comments:

@ No saturation as x — +o00,

but saturation (and zero) when x < 0.

°
[

Computationally efficient.

|
%
(4]

Empirically: faster convergence than with sigmoid/tanh.

4 @ Note: nonsmooth!

-5 -4 -3 -2 -1 0 1 2 3 4 5

Figure: Rectified linear unit (ReLU)

RelLU : x — max(0, x)

36/124



Dead neurons
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Dead neurons

Dead RelLU:

)

]
B

ReLU((
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Dead neurons

Dead RelLU:

)

]
B

ReLU((

Active RelL U:

T2

)

]
B

ReLU((
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More on RelLU

RelLU in neural networks can be traced back to [“Cognitron: A self-organizing multilayered neural network”; “Neocognitron: A self-organizing

neural network model for a mechanism of visual pattern recognition”, Fukushima 1975; Fukushima and Miyake 1982].

T2

Figure: Good parameter init.—ReLU is active. Figure: Bad parameter init.—ReLU outputs zero.
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RelLU in neural networks can be traced back to [“Cognitron: A self-organizing multilayered neural network”; “Neocognitron: A self-organizing

neural network model for a mechanism of visual pattern recognition”, Fukushima 1975; Fukushima and Miyake 1982].

T2

Figure: Good parameter init.—ReLU is active. Figure: Bad parameter init.—ReLU outputs zero.

ReLU output can be zero but positive initial bias can help.
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More on RelLU

RelLU in neural networks can be traced back to [“Cognitron: A self-organizing multilayered neural network”; “Neocognitron: A self-organizing

neural network model for a mechanism of visual pattern recognition”, Fukushima 1975; Fukushima and Miyake 1982].

T2

Figure: Good parameter init.—ReLU is active. Figure: Bad parameter init.—ReLU outputs zero.

ReLU output can be zero but positive initial bias can help.

Motivation [“Deep sparse rectifier neural networks”, Glorot, Bordes, et al. 2011]:
@ Most of the time, neurons are inactive.

@ when they activate, their activation is proportional to their input.
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Parametric ReLU

Comments:

¢ o Leaky ReLU picks o = 0.1.

[“Rectifier nonlinearities improve neural network acoustic models”, Maas et al. 2013]

@ Absolute value rectification:

a=—1.

[“What is the best multi-stage architecture for object recognition?”, Jarrett et al. 2009]

@ Parametric ReLU: « is trained
— activation function is learned.

-5 -4 -3 -2 -1 0 1 2 3 4 s . . ) " o ) . .
["Empirical evaluation of rectified activations in convolutional network”, Xu et al. 2015]

Figure: Parametric ReLU

Parametric ReLU : x — max(ax, x)
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Concatenated rectified linear unit (CReLU)

5 Comments:
4 |- -
3 1 @ it has two outputs!
2 |- -
1 1 ,
of 1 @ Another way to fight dead neurons.
At 4
2tk
3t il @ See [“Understanding and improving convolutional neural
4 7 networks via concatenated rectified linear units”, Shang et al.
5 P T T T T T T SO B

5-4-32-1012345 2016].
5
4 |- -
3 |- -
2 |- -
1 |- -
oF 4
At 4
otk 4
3+ 4
4+ 4
5 P T T T T T T SO B

----- 1012345

Figure: Concatenated rectified linear unit (CReLU)
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Exponential linear unit (ELU)

Comments:

@ « often set to 1.0.

@ Close to ReLU but differentiable everywhere.

0 @ Robust to noise.

[“Fast and accurate deep network learning by exponential linear units (elus)”,

Clevert et al. 2015]

-3

-4

-5

-5 -4 -3 -2 -1 0 1 2 3 4 5

Figure: Exponential linear unit (ELU)

X if x>0
ELU x> { a(exp(x) —1)  otherwise
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Maxout

Comments:

. o Learn piecewise linear functions (k pieces).
@ Linear regime with k pieces: no saturation.
“full maxout” network has k times more parameters than

conventional activations (e.g., compared to ReLU+fully
B S T S T S S R connected layer).

0
s
7
6
s @ Increases number of parameters
.
3
2
:
o

Figure: Maxout activation (k =3 pieces). [“Maxout networks”, Goodfellow, Warde-Farley, et al. 2013] [“Deep maxout neural

networks for speech recognition”, Cai et al. 2013]

@ Resist to catastrophic forgetting.
Maxout [“An empirical investigation of catastrophic forgetting in gradient-based neural

X max(W1X + bl, . WkX + bk) networks”, Goodfellow, Mirza, et al. 2013]
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Swish

Comments:
5
.
s @ Swish interpolates between the linear function and RelLU.
2
! @ [“Searching for activation functions”, Ramachandran et al. 2017]
o
-t . . . .
5 @ Non-monotonic function which seems to be an important
- feature.

Figure: Swish for 8 =0.1,1,10

exp(x)

Swish : x XHTp(ﬁx)
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Summary — examples of activation functions (1/2)

Name o(u) Graph
Sigmoid T /
Tanh :E,i;: %
RelLU max(u,0) i
LeakyReLU  max(au, u) i
i >

ELU u ifu>0

a(e’ —1) else

|
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Summary — examples of activation functions (2/2)

Name

o(u)

Graph

Parametric RelLU

Maxout

Swish

max(au, u)

max(W1u+ bl, ..

Bu
1+eBu

. Wku-i-bk)

AN
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Activation functions: conclusions

@ Use ReLU (or Swish).
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Activation functions: conclusions

@ Use ReLU (or Swish).

@ Test Leaky RelLU, maxout, ELU.
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Activation functions: conclusions

@ Use ReLU (or Swish).
@ Test Leaky RelLU, maxout, ELU.

@ Try out Tanh, but do not expect too much.
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Activation functions: conclusions

Use ReLU (or Swish).

Test Leaky RelLU, maxout, ELU.

Try out Tanh, but do not expect too much.

Generally avoid sigmoid.
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Outline

© Hyperparameters

@ Output units
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Output units
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Output units

N
O\

0
X\
);.
%5

@,

J
Y
9
€2
3

)

Interpretation: neural network with N layers:
o first N — 1 layers perform “feature extraction”,

@ last layer performs linear regression/classification — what output units?
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Output units

Interpretation: neural network with N layers:
o first N — 1 layers perform “feature extraction”,
@ last layer performs linear regression/classification — what output units?

‘®
S O
V‘\*X??{“\"z%

5 —HOEX K~ ZAXH XIS
RS IR, A

@ ==\ ‘//'
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Output units

Denote output of the (L — 1)th layer by 2=, How to choose Lth layer for predicting y?
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Output units

Denote output of the (L — 1)th layer by 2=, How to choose Lth layer for predicting y?
o Linear output unit (if output is continuous):
§= W=D 4 b0

— Linear regression based on new variables (features) A

49/124



Output units

Denote output of the (L — 1)th layer by 2=, How to choose Lth layer for predicting y?
o Linear output unit (if output is continuous):
y= wb (L=1) + pb)
— Linear regression based on new variables (features) A
@ Sigmoid output unit, used to predict within two categories (e.g., {0,1}) outputs:
P(y=1]2""") = o(2"7),
where o(t) = e'/(1 + €).

— Fully-connected layer + sigmoid output = logistic regression based on new variables (features) PACRS

49/124



Output units

Denote output of the (L — 1)th layer by 2=, How to choose Lth layer for predicting y?

o Linear output unit (if output is continuous):

y= wb (L=1) + pb)
— Linear regression based on new variables (features) A
@ Sigmoid output unit, used to predict within two categories (e.g., {0,1}) outputs:
Py =1]2""Y) =o(z"Y),
where o(t) = e'/(1 + €).
— Fully-connected layer + sigmoid output = logistic regression based on new variables (features) PACRS

@ Softmax output unit, used to predict {1,...,K}:
LAL=1)
o (L - e’i
P(y = i|z"7Y) = [softmax(z" )] = T

BT

— Fully-connected layer + softmax output = multinomial logistic regression based on new variables
(features) z(!=Y.
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Multiclass regression via softmax + cross-entropy

Softmax, used with cross-entropy:

—log(P(Y = y|z*)) = —log [softmax(z(kl))]y

(L—1)

= —z(yL_l) + log (Z e’i )
j

~ mjax zj(.L_l) - z(yL_l),

this is also called LogSumExp (LSE) or RealSoftMax.
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https://en.wikipedia.org/wiki/Lateral_inhibition

Multiclass regression via softmax + cross-entropy

Softmax, used with cross-entropy:

—log(P(Y = y|z!" ™))

—log [softmax(z(kl))]y

(-1
_ _Z(yL—l) +log (Z o )

j

L—1 L—1

~ maxz{: 7 — 2 )
i 7

this is also called LogSumExp (LSE) or RealSoftMax.

Approximately no contribution to the cost when [s.oftmax(z“‘l))]y is maximal.
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Multiclass regression via softmax + cross-entropy

Softmax, used with cross-entropy:

—log(P(Y = y|z!" ™))

—log [softmax(z(kl))]y

(L-1)
=g ()

j

L—1 L—1

~ maxz{: 7 — 2 )
i 7

this is also called LogSumExp (LSE) or RealSoftMax.

Approximately no contribution to the cost when [s.oftmax(z“‘l))]y is maximal.

Lateral inhibition: (https://en.wikipedia.org/wiki/Lateral_inhibition)

(biology bonus) believed to exist between nearby neurons in the cortex. When the difference between the max
and the other is large, winner takes all: one neuron is set to 1 and the others go to zero.
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Multiclass logistic regression—via maximum likelihood

Generalization of logistic regression for multiclass outputs: for all 1 < y < K, the model is
(W ; x)
e

P(Y=y|X=x)= —
Zszl el ix)

for some iin, ..., i € RY.
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Multiclass logistic regression—via maximum likelihood

Generalization of logistic regression for multiclass outputs: for all 1 < y < K, the model is
(W ; x)
e

K (W, x)7
Zk:le .

P(Y =y|X=x)=
for some Vi, ..., € RY.

Likelihood (which we aim to maximize) similar to binary logistic regression:

(\7/\/ TXi)

Zk el i x)

NLP(Y =y | X =x) =N,
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Multiclass logistic regression—via maximum likelihood

Generalization of logistic regression for multiclass outputs: for all 1 < y < K, the model is
(W ; x)
e

K (W, x)7
Zk:le .

B(Y =y|X=x)=

for some iin, ..., i € RY.

Likelihood (which we aim to maximize) similar to binary logistic regression:

(17/ TXi)

Zk el i x)

NLP(Y =y | X =x) =N,

and negative Iog—likelihood (to be minimized)

n (. 3 xi)
el
_E log (P(Y = y,IX—X:))Z_E |0g<K(M'x‘)>
. (i Xi
n K

i=1 k=1

7
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Multiclass logistic regression—via maximum likelihood

Generalization of logistic regression for multiclass outputs: for all 1 < y < K, the model is
(W ; x)
e

K (W, x)7
Zk:le .

P(Y=y|X=x)=

for some iin, ..., i € RY.

Likelihood (which we aim to maximize) similar to binary logistic regression:

(17/ TXi)

Zk i x)

NLP(Y =y | X =x) =N,

and negative Iog—likelihood (to be minimized)

—Zlog (Y= y,|X_x,)):—Z|og %
i=1 gy €10
n K
— Z log Z el | (W, 5 Xi).
i=1 k=1

Set K = 2. Do we recover logistic regression? How?

51/124



Multiclass regression

Random generation of three classes (x € R?), see first lab session:
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Multiclass regression

Random generation of three classes (x € R?), see first lab session:

o

— you should be able to code & train model for this (after labs 3 & 4)!

import torch

model = torch.nn.Sequential(
torch.nn.Linear(2,3),
torch.nn.Softmax (dim=1)
)
loss_fn = torch.nn.CrossEntropylLoss(reduction="mean")
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Multiclass regression

Random generation of three classes (x € R?), see first lab sessions:

Outputs:

53/124




Outline

© Hyperparameters

@ Loss functions
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Cost functions

@ Mean squared error (MSE):

%ZZ(Y,-, f,(X:)) = 1 Z(Y; — f(X:)%
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n .

o Mean absolute error (MAE):

1w 1 —
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i=1 i=1
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Cost functions

@ Mean squared error (MSE):

%ZZ(Y,-, f,(X:)) = 1 Z(Y; — f(X:)%

n .

o Mean absolute error (MAE):

1w 1 —
;E Z(Y,-,f,)(X,-)):;E [Yi — o (Xi)].
i=1 i=1

@ 0-1 error:

1+ IR
- Zl:e(Y;, fo(Xi)) = 21: Lyt (x)-
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Cost functions
@ Cross entropy (or negative log-likelihood):

Uy, o (x1)) = — log (1Fi (x0)],)
Cross-entropy:
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Cost functions

@ Cross entropy (or negative log-likelihood):
i (x0)) = — log ([ ()],
Cross-entropy:
@ Very popular!
@ Interpretation: comparison of probability distribution (related to KL divergence).
@ Helps to prevent saturation phenomenon compared to MSE. E.g., for y € {—1,1}
—log(P(Y = y[X = x)) = —log(a(y(W" /2" + b)),
with

When y(W Nz + h0) « —1, we have o(t) ~ e*
— —log(IP(Y = yi|X)) is approximately linear in W and b,
— gradient is simple to compute; gradient descent easy to implement!

MSE should not be used with softmax output units!

[“Probabilistic interpretation of feedforward classification network outputs, with relationships to statistical pattern recognition”, Bridle 1990]
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Losses for classification (1/2)

Name 2y, yp) Graph £(1,y,) Graph £(—1,y,)

0 ify,=
0—1 loss E(y,yp)—{ 1 ifi:;ﬁf/
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Losses for classification (1/2)

Name 2y, yp)

Graph £(1,yp)

Graph £(—1,y,)

0 ify,=
0 — 1 loss f(}/»)’p)_{ 1 ifi:?ﬁj//

quadratic loss  £(y, yp) = (vp — y)?

=
.

—
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Losses for classification (1/2)

Name 2y, yp) Graph £(1,y,) Graph £(—1,y,)

0 ify,=
0 — 1 loss f(}/»)’p)_{ 1 ifi:?ﬁj//

quadratic loss  £(y, yp) = (vp — y)?

<

logistic loss Uy, yp) = log (1 + exp(—ypy))

NARAN

N

hinge loss Uy, yp) = max{0,1 — y,y} N\
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Losses for classification (1/2)

Name 2y, yp) Graph £(1,y,) Graph £(—1,y,)

0 ify,=
0 — 1 loss f(}’»)’p)_{ 1 ifi:?ﬁj/’

quadratic loss  £(y, yp) = (vp — y)?

<

logistic loss Uy, yp) = log (1 + exp(—ypy))

NARAN

]
/
7

Notice symmetry £(y, yp) = ¢(1, ypy) = common notation is £(y,y) (one argument only).

hinge loss Uy, yp) = max{0,1 — y,y} N\

o
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Losses for classification (2/2)

Notation y € {—1, 1}, cost of misclassification (using u = y,y)
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Losses for classification (2/2)

Notation y € {—1, 1}, cost of misclassification (using u = y,y)

3

= lu<o)

—— (1—u)?[squared loss]

—— log(1 +e™Y) [logistic loss]
max(1 —u, 0) [hinge loss]

—— [sigmoid + MSE]

2(u)

A MSE should not be used with softmax output units!
For regression, usually MSE, sometimes MAE.
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What did we see so far?

https://app.wooclap.com/YUKENL?from=instruction-slidelink to wooclap
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What would you try here (activations, output units,loss)?

How to classify this?

60 /124



What would you try here (activations, output units,loss)?

How to classify this?

60 /124



What would you try here (activations, output units, loss)?

Linear separation?
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What would you try here (activations, output units, loss)?

Neural net? (here: 2 x 10 linear layer, ReLU, 10 x 2 linear layer, softmax, cross-entropy).
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What would you try here (activations, output units, loss)?

Manually add x?, x5 + classical logistic regression:
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What would you try here (activations, output units, loss)?

Manually add x?, x5 + classical logistic regression:

To go further, see also classical machine learning technique — kernel methods (we will not cover it)!
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Outline

© Hyperparameters

@ Weight initialization
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Weight initialization

First idea: Set all weights and bias to the same value (zero?).
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Weight initialization

First idea: Set all weights and bias to the same value (zero?).

Problems?
@ network is symmetric: in each layer, each neuron express the same output,

@ network is symmetric, each layer can be reduced to single neuron,
@ even worse if initialization is zero (dead neurons, etc.)
— optimization/training is difficult

— proper weight initialization: random.

Further: no prior insight on signs of the weights
— make sense to have symmetric distributions around zero.

62/124



Small or big weights?

Consider initial weight distributions of type A/(0, o%).
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Consider initial weight distributions of type A/(0, o%).
@ |If the variance of the weights is too small (02 < 1):
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Small or big weights?

Consider initial weight distributions of type A/(0, o%).

@ |If the variance of the weights is too small (02 < 1):

> weights are approximately zero: there is no activation at all,
— o too small means difficult/impossible training.

@ |[f the variance of the weights is too large (o° > 1):
> linear combinations very large: increased saturation phenomenon,

— network might be difficult/impossible to train!
— Similar to non-normalized data.

@ In any case, no need to tune the bias: they can be initially set to zero.
If using ReLU'’s, positive bias might be encouraged.
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Alternate initializations

Idea: variance of the input should be the same as the variance of the output.

Let w; be any weight between layer j and layer j + 1.
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Alternate initializations
Idea: variance of the input should be the same as the variance of the output.
Let w; be any weight between layer j and layer j + 1.

@ He et al. initialization

[“Delving deep into rectifiers: Surpassing human-level performance on imagenet classification”, He et al. 2015]

Initialize bias to zero and weights randomly using
WO~ (0,2
b nj b

where nj is the size of layer j. Intuition: keeps balanced variance input/output in case of ReLU layers.
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Alternate initializations

Idea: variance of the input should be the same as the variance of the output.

Let w; be any weight between layer j and layer j + 1.
© He et al. initialization

[“Delving deep into rectifiers: Surpassing human-level performance on imagenet classification”, He et al. 2015]

Initialize bias to zero and weights randomly using

W(J)NN 0 3
7nj b

where nj is the size of layer j. Intuition: keeps balanced variance input/output in case of ReLU layers.
@ Xavier initialization
[“Understanding the difficulty of training deep feedforward neural networks”, Glorot and Bengio 2010]

Initialize bias to zero and weights randomly using
V6 V6 }

W(/) ~U = ,
Vi F i /0 F nja

where nj is the size of layer j
Intuition: also try to enforce expected gradient sizes to stay balanced accross layers.
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Alternate initializations

Idea: variance of the input should be the same as the variance of the output.

Let w; be any weight between layer j and layer j + 1.
© He et al. initialization

[“Delving deep into rectifiers: Surpassing human-level performance on imagenet classification”, He et al. 2015]

Initialize bias to zero and weights randomly using

W(J)NN 0 3
7nj b

where nj is the size of layer j. Intuition: keeps balanced variance input/output in case of ReLU layers.
@ Xavier initialization
[“Understanding the difficulty of training deep feedforward neural networks”, Glorot and Bengio 2010]

Initialize bias to zero and weights randomly using
V6 V6 }

W(/) ~U = ,
Vi F i /0 F nja

where nj is the size of layer j
Intuition: also try to enforce expected gradient sizes to stay balanced accross layers.

— check what is done in classical packages (e.g., Pytorch)!

Bonus: [“All you need is a good init”, Mishkin and Matas 2015]
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Exercise

Consider:
@ neural network with two hidden layers,
@ respectively with n; and n> neurons,
@ equipped with linear activation functions,
@ choice of weights: i.i.d. centered (E[W,j(k)] =0, V[W;k)] = 0}), zero bias.
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Questions:

@ Find simple condition on weights for output variance of hidden units to stay constant accross layers.
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Exercise

Consider:
@ neural network with two hidden layers,
@ respectively with n; and n> neurons,
@ equipped with linear activation functions,
@ choice of weights: i.i.d. centered (E[W,j(k)] =0, V[W;k)] = 0}), zero bias.

Questions:

@ Find simple condition on weights for output variance of hidden units to stay constant accross layers.

@ Within the same network, find simple condition on weights for gradients to stay constant across layers.

© Based on previous answers: propose simple way to initialize weights.

(see [“Understanding the difficulty of training deep feedforward neural networks”, Glorot and Bengio 2010])
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Solution

@ Consider the neuron i of the second hidden layer. The output of this neuron is

m
22 =S w0
i i<
j=1
m n
_ (2) (1)
= VV/'I ( \/\//k Xk).
j=1 k=1
At fixed x, since the weights are centered, we have
oo oo 2 n
2 E:E:u w 2:2: ,(1)_2:22:22
V W, jk x vV ,/ ik ] = 93 XK1,
j=1 k=1 j=1 k=1 j=1 k=1
n n
:V[ E W’(k])xk] = E Xkaf,
k=1 k=1
i z; =V [zl.(l)] , it is

where o7 (resp. o3) is the shared variance of all weights from layer 1 (resp. layer 2). Since we want that V[ (2)]

sufficient that
2
mo, = 1.
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Solution

@ Consider a neural network where the cost function is given, for one training example, by
nq
1 (d))2
C=3 (y - sz ) s
j=1
which implies

9z
i

ng
676 = —W(y— Z \/\/,Z,-(d))-
i=1

Hence,

ng (d)

=1 =1

nd
L F- A DK Y
5,(d=1) 5,(d) 5 (d=1) (d)
0z, dzj Oz, sz

(d)

jk ot
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Solution

More precisely,

ng Nd—1

B[] = B[ - wyw? WS wi(Y

J i=1 =1

ng—1
W W") ZWW (d—1) d)]
=E[w m““]

= J§+IJ§]E [z}(dil)] .

Using the chain rule (see previous slide), we get
oc oc
(d=1) (d)
Jz, 0z

N4 TG [Zéd_l)] =0, E [zj(d)] .

= sufficient condition: ndaf, ~ 1 (assuming activations of consecutive layers are similar).
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Outline

© Generalization & regularization
e Validation
@ Penalization
@ Dropout
@ Batch normalization
o Early stopping
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Polynomial regression

@ kth degree polynomial regression problem (J is cost)

response y

variable =
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Polynomial regression

@ kth degree polynomial regression problem (J is cost)

k= 4,7 = 0.108, |0]|> = 0.83
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variable =
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Polynomial regression

@ kth degree polynomial regression problem (J is cost)

k=5,J = 0.105, |0]|2 = 1.27

response y

variable =
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Polynomial regression

@ kth degree polynomial regression problem (J is cost)

k= 6,7 = 0.075, |0]|2 = 5.4

response y

1 1 1 1 1
variable =
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Polynomial regression

@ kth degree polynomial regression problem (J is cost)

k=77 =0.028,[|0]2 = 22.5

response y

variable =
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Polynomial regression

@ kth degree polynomial regression problem (J is cost)

k=8,.J = 0.026,]|0]]2 = 26.6

response y

variable =
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Polynomial regression

@ kth degree polynomial regression problem (J is cost)

k=9,J = 0.00L,]|0]|2 = 147.5

response y

1 1 1 1 1

variable =
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Polynomial regression

@ kth degree polynomial regression problem (J is cost)

response y

k = 10,J = 0.000, |]|> =

1 1 1

67.8

variable =
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Polynomial regression

@ kth degree polynomial regression problem (J is cost)

response y

k = 10,J = 0.000, |]|> =

1 1 1

67.8

variable =
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Overfitting and bias-variance decomposition
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Overfitting and bias-variance decomposition

o Dataset {(xi,yi)} with y; = f(x) + ¢ with ¢'s i.i.d.
@ estimate f; ~ f based on data (so f; is a random variable),
@ decompose MSE:
E[(f,(x) = F())’] = (EIf;(x)] - f(x))* + E [(£,(x) = E[f;(x)])*],
Bias Variance

e add variance term for E[(f;(x) — y)?] = E[(f:(x) — f(x))?] + E(¢?) (with E[¢] = 0),
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Overfitting and bias-variance decomposition

Dataset {(x;,yi)} with yi = f(x;) + € with ¢'s i.i.d.
estimate f; = f based on data (so f; is a random variable),
decompose MSE:

E[(;(x) = £(x))"] = (E[f; ()] = £(x))* + E [(£,(x) — E[f; )])],

Bias Variance
add variance term for E[(f;(x) — y)?] = E[(f:(x) — f(x))?] + E(¢?) (with E[¢] = 0),
note: expectation is over training dataset (i.e., averaged over many estimations of (9)
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Overfitting and bias-variance decomposition

Dataset {(x;,yi)} with yi = f(x;) + € with ¢'s i.i.d.
estimate f; = f based on data (so f; is a random variable),
decompose MSE:

E[(f;(x) — £(x))’] = (EIf;(x)] = £(x))* +E [(f;(x) — E[f; ()])*],
Bias Variance
add variance term for E[(f;(x) — y)?] = E[(f:(x) — f(x))?] + E(¢?) (with E[¢] = 0),
note: expectation is over training dataset (i.e., averaged over many estimations of (9)
(there is a more general statement beyond MSE by looking at the risk R(f})).
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Overfitting and bias-variance decomposition

Dataset {(x;,yi)} with yi = f(x;) + € with ¢'s i.i.d.
estimate f; = f based on data (so f; is a random variable),
decompose MSE:

E[(;(x) = £(x))"] = (E[f; ()] = £(x))* + E [(£,(x) — E[f; )])],

Bias Variance

add variance term for E[(f;(x) — y)?] = E[(f:(x) — f(x))?] + E(¢?) (with E[¢] = 0),

note: expectation is over training dataset (i.e., averaged over many estimations of é)

°
@ (there is a more general statement beyond MSE by looking at the risk R(f)).
-- Biast ‘_o Noise
LN -,
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Model Complexiy

Image: https://mlu-explain.github.io/bias-variance/
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Overfitting

High Bias Low Bias

Low Variance High Variance
" - e -
o
i
=
<3}
=
2
B
;E Test Sample
~

Training Sample
High

Model Complexity

Image: https://towardsdatascience.com

Bias-variance decomposition: dataset (x;, y;) with y; = f(x;) + €;.
Fight overfitting by imposing some constraints over the parameter space.

Reducing variance and increasing bias.

This is called the classical bias-variane tradeoff. |s that the end of the story?
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Polynomial regression: bias-variance?
@ acquisition process: y; = f(x;) + ¢; (f is quadratic here)

o Oth degree polynomial regression problem
@ repeat many times the estimation process
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Polynomial regression: bias-variance?

@ acquisition process: y; = f(x;) + ¢; (f is quadratic here)
@ 1st degree polynomial regression problem
@ repeat many times the estimation process
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Polynomial regression: bias-variance?

@ acquisition process: y; = f(x;) + ¢; (f is quadratic here)
@ 2nd degree polynomial regression problem
@ repeat many times the estimation process

10 -
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Polynomial regression: bias-variance?

@ acquisition process: y; = f(x;) + ¢; (f is quadratic here)
@ 3rd degree polynomial regression problem
@ repeat many times the estimation process

10 -
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Polynomial regression: bias-variance?

@ acquisition process: y; = f(x;) + ¢; (f is quadratic here)
o 4th degree polynomial regression problem
@ repeat many times the estimation process
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Polynomial regression: bias-variance?

@ acquisition process: y; = f(x;) + ¢; (f is quadratic here)
o 5th degree polynomial regression problem
@ repeat many times the estimation process

10 -
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Polynomial regression: bias-variance?

@ acquisition process: y; = f(x;) + ¢; (f is quadratic here)
o 6th degree polynomial regression problem
@ repeat many times the estimation process

10 -

73/124



Polynomial regression: bias-variance

Error
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Overfitting

Many different techniques to fight overfitting.
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Overfitting

Many different techniques to fight overfitting.

o Validation procedures

o Penalization (¢1 or /) y
Replacing the cost function £ by L£(0,X,y) = L(0, X, y) + pen(0).

o Soft weight sharing (see lecture on CNNs)
Reduce the parameter space artificially by imposing explicit constraints.

o Dropout
Randomly kill some neurons during optimization and predict with the full network.

o Batch normalization
Renormalize a layer inside a batch, so that the network does not overfit on this particular batch.

o Early stopping
Stop the gradient descent procedure when the error on the validation set increases.
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Outline

© Generalization & regularization
o Validation
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Validation

We search f € F from the training data D,, gence: risk to overperform on D,.
— in practice: need to validate!
— assign (randomly) data to training, validation, or test sets.

Test

Training set:
@ solve training problem.
Validation set:
@ estimate generalization performance of trained model(s),
@ use this for assessing quality of training procedure and model selection.
Test set:
o final assessment on how chosen model generalizes to unseen data,
@ not for model selection.
In deep learning: often no validation set (only validation and test sets).
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k-fold cross validation

o Divide training/validate set into k data chunks.
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k-fold cross validation

o Divide training/validate set into k data chunks.

@ Train k models with kK — 1 chunks, use kth chunk for validation.

@ Loop
© Set hyperparameters and train all k models.
@ Evaluate generalization score on its validation data.
© Sum scores to get model performance.
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k-fold cross validation

o Divide training/validate set into k data chunks.
@ Train k models with k — 1 chunks, use kth chunk for validation.
e Loop

© Set hyperparameters and train all k models.
@ Evaluate generalization score on its validation data.
© Sum scores to get model performance.

o Select final model hyperparameters based on best score.
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k-fold cross validation

Divide training/validate set into k data chunks.

Train k models with kK — 1 chunks, use kth chunk for validation.

Loop
© Set hyperparameters and train all k models.
@ Evaluate generalization score on its validation data.
© Sum scores to get model performance.

Select final model hyperparameters based on best score.

Estimate generalization performance via test set.
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4-fold cross validation — graphical representation

Train/Validate Test

Test

Test

Test

Test
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Outline

© Generalization & regularization

@ Penalization
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Penalization

Constrain the optimization problem
m“in L(0,X,y), s.t. pen(0) < cste.
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Penalization

Constrain the optimization problem
min £(0, X, y), s.t. pen(0) < cste.
]

Using Lagrangian formulation, this problem is equivalent to:
min £(0, X, y) + Apen(0),
where
o L(0,X,y) is the loss function (data-driven term),
@ pen is a function that increases when ¢ becomes more complex (penalty term),

@ )\ > 0 is a constant standing for the strength of the penalty term.
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Penalization

Constrain the optimization problem
min £(0, X, y), s.t. pen(0) < cste.
]

Using Lagrangian formulation, this problem is equivalent to:
m“in L(0,X,y)+ Apen(0),
where
o L(0,X,y) is the loss function (data-driven term),
@ pen is a function that increases when ¢ becomes more complex (penalty term),

@ )\ > 0 is a constant standing for the strength of the penalty term.

For neural networks, pen(-) only penalizes weights (not biases).
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Penalization: examples

mHin L(0,X,y)+ pen(?),
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Penalization: examples

mHin L(0,X,y)+ pen(0),

o Ridge
pen(1) = AJJ0I1

[“Ridge regression: Biased estimation for nonorthogonal problems”, Hoerl and Kennard 1970], See also [“Lecture notes on ridge regression”, Wieringen

2015]
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Penalization: examples

mHin L(0,X,y)+ pen(0),

o Ridge
pen(1) = AJJ0I1

[“Ridge regression: Biased estimation for nonorthogonal problems”, Hoerl and Kennard 1970], See also [“Lecture notes on ridge regression”, Wieringen
2015]

e LASSO
pen(¥) = All¢[x

[“Regression shrinkage and selection via the lasso”, Tibshirani 1996].
o Elastic Net
pen(0) = A0z + w0

[“Regularization and variable selection via the elastic net”, Zou and Hastie 2005]
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Simple case: linear regression

Linear regression
The estimate of linear regression 0 is given by
0 € argmin||X0 — Y3,

0eRrd
where X € R"¥9.
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Simple case: linear regression

Linear regression
The estimate of linear regression ¢ is given by
0 € argmin || X0 — Y3,

0eRrd
where X € R"¥9.

Solution:
0=(X"X)"'x"y.
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Simple case: linear regression

Linear regression
The estimate of linear regression ¢ is given by
0 € argmin || X0 — Y3,

0eRrd
where X € R"¥9.

Solution:
0=(X"X)"'x"y.
Why?
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Penalized regression

Penalized linear regression

The estimate of linear regression ém is given by

0.4 € argmin || X0 — Y|)3 4+ \[0]|2.
0eRd
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Penalized regression

Penalized linear regression

The estimate of linear regression ém is given by

0.4 € argmin || X0 — Y3 + A||0]13-
0cRd

@ g = 2: Ridge linear regression,
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Penalized regression

Penalized linear regression

The estimate of linear regression ém is given by

0.4 € argmin || X0 — Y3 + A||0]13-
0cRd

@ g = 2: Ridge linear regression,
e g =1: LASSO.
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Ridge regression, g = 2

The ridge estimate éA,g is given by

0> € argmin || X0 — Y3 + A||6]13.
6eRrd
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Ridge regression, g = 2

Ridge linear regression

The ridge estimate Ox. is given by

05> € argmin || X0 — Y3 + A||6])3.

0eRd

Solution:

Oro=X"X+A)"XTY.
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Ridge regression, g = 2

Ridge linear regression

The ridge estimate Oy is given by

05> € argmin || X0 — Y3 + A||6])3.

0eRd

Solution:
Dro=X"X+AN)"XTY.

Assume Y = X0 + ¢ with E[s] = 0 and E[ee] = o°I:
e Ridge estimate has bias E[0, o] — 0 = —A(X"X + /)"0
e and variance V[0, »] = o®(X"X 4+ M) 7IXTX(XTX + A)~L.
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Ridge regression, g = 2

Ridge linear regression

The ridge estimate Oy is given by

05> € argmin || X0 — Y3 + A||6])3.

0eRd

Solution:
Dro=X"X+AN)"XTY.

Assume Y = X0 + ¢ with E[s] = 0 and E[ee] = o°I:
e Ridge estimate has bias E[0, o] — 0 = —A(X"X + /)"0
e and variance V[0, »] = o®(X"X 4+ M) 7IXTX(XTX + A)~L.

Note that V[0, -] < V[0o] (variance is reduced).
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Ridge regression, g = 2

Ridge linear regression

The ridge estimate Oy is given by

05> € argmin || X0 — Y3 + A||6])3.
0ERd

Solution:
o= (XTX+AN)7IXTY.

Assume Y = X0 + ¢ with E[s] = 0 and E[ee] = o°I:
e Ridge estimate has bias E[0, o] — 0 = —A(X"X + /)"0
e and variance V[0, »] = o?(XTX + M) TIXTX(XTX + A/~

Note that V[0, -] < V[0o] (variance is reduced).

Particular case: for orthonormal design (XX = /), we reach
fo.» 1
1+ X1 +A

Oy = — X"vy.
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Ridge regression

o 10th degree polynomial regression problem (J is cost),
@ quadratic penalization \||0]|3.

response y
*

variable =
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Ridge regression

o 10th degree polynomial regression problem (J is cost),
@ quadratic penalization A||0][3.

T T T T T
A =10"5,J =0.017,]|0||2 = 20.2

response y

variable =
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Ridge regression

o 10th degree polynomial regression problem (J is cost),
@ quadratic penalization A||0][3.

T T

T T T T T
A =6.0-10"°J = 0.023, ||0]|2 = 12.2

response y

variable =
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Ridge regression

o 10th degree polynomial regression problem (J is cost),

@ quadratic penalization A||0][3.

T T T T T
A=3.6-10"%J =0.04,]0]2 = 6.21

response y

variable =

86 /124



Ridge regression

o 10th degree polynomial regression problem (J is cost),

@ quadratic penalization A||0][3.

response y

T T T T T
A =22-1073,J = 0.064, ||0]|> = 2.43

variable =
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Ridge regression

o 10th degree polynomial regression problem (J is cost),

@ quadratic penalization A||0][3.

response y

T T T T T
A=13-10"2,J = 0.086, ||0]|> = 1.10

variable =
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Ridge regression

o 10th degree polynomial regression problem (J is cost),

@ quadratic penalization A||0][3.

T T

T T T T T
A=7.7-10"2,J = 0.109, ||0]|2 = 0.63

response y
*

variable =
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Ridge regression

o 10th degree polynomial regression problem (J is cost),

@ quadratic penalization A||0][3.

response y

T

A =0.46,J = 0.15, [|0]]> = 0.43

variable =
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Ridge regression

o 10th degree polynomial regression problem (J is cost),

@ quadratic penalization A||0][3.

T T T

A=28,J =029, [0]2 = 0.26

response y

variable =
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Ridge regression

o 10th degree polynomial regression problem (J is cost),

@ quadratic penalization A||0][3.

T T T

A =16.7,J = 0.68,]|0]|2 = 0.091

response y

variable =
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Ridge regression

o 10th degree polynomial regression problem (J is cost),

@ quadratic penalization A||0][3.

response y

T

A =100, J = 0.92, ]|6]|2 = 0.019

variable =
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Sparsity

Other desirable properties for (7

If ), = 0, then feature j has no impact on the prediction: § = sign({J,x) + b).

Nice if 0 contains many zeros, particularly if d is large (many features).
@ It means that only few features are statistically relevant,

o It means that only few features are used to predict labels.

— model is more robust,

— model is cheaper/faster to compute (at prediction/test time).
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Sparsity

Other desirable properties for (7

If ), = 0, then feature j has no impact on the prediction: § = sign({J,x) + b).

Nice if 0 contains many zeros, particularly if d is large (many features).
@ It means that only few features are statistically relevant,

o It means that only few features are used to predict labels.

— model is more robust,

— model is cheaper/faster to compute (at prediction/test time).

Leads to a simpler model, with “reduced” dimension

How do we search for sparse 07
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Sparsity

0.0 € argmin [|X0 — Y||35 4+ A||]lo-
0eRd

with

00l = #{j € {1,...,d}: 0; # 0}
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Sparsity

Ideal target

0.0 € argmin || X0 — Y15 + Al0]o-
HeRM

with

0o = #{j € {1,...,d} : 0; # 0}.

Solving this requires exploring all possible supports of ¢. Too long! (NP-hard)
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Sparsity

Ideal target

0.0 € argmin || X0 — Y|[3 + Al|0]o-

0eRrd

with

0o = #{j € {1,...,d} : 0; # 0}.

Solving this requires exploring all possible supports of 0. Too long! (NP-hard)

Convex proxy for || - |lo: the £1-norm ||0]]; = 27:1 [0].

Ji)

! Jioe.o1)
Jo®)

| t
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LASSO

LASSO linear regression

The LASSO (Least Absolute Selection and Shrinkage Operator) estimate of linear regression Oy is given by
0.1 € argmin || X0 — Y3 + Al|0])1-

0eRrd

89 /124



LASSO

LASSO linear regression

The LASSO (Least Absolute Selection and Shrinkage Operator) estimate of linear regression Oy is given by
0.1 € argmin || X0 — Y|)5 + Al|0]1.

0eRrd

Solution: No closed-form in general case.
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LASSO

LASSO linear regression

The LASSO (Least Absolute Selection and Shrinkage Operator) estimate of linear regression Oy is given by
051 € argmin || X0 — Y3 4+ A||0]]1.

6€Rd
Solution: No closed-form in general case.
If X.;'s are orthonormal (X" X = ) then
Or1j = (X;,,-)TY(I - WL

with (x)4+ = max(0, x).

In very specific case of orthogonal design, ¢1 penalization implies sparse vector if the parameter A is large enough.
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Sparsity - a picture

Why ¢, (ridge) does not induce sparsity?

V4

(a) (b

Fig. 2. Estimation picture for (a) the lasso and (b) ridge regression
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Outline

© Generalization & regularization

@ Dropout
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Dropout

Dropout refers to dropping out units (hidden and visible) in a neural network:

temporary removal from network (along with all incoming and outgoing connections).

Each unit is independently dropped with probability
@ p = 0.5 for hidden units
@ p € [0,0.5] for input units, usually p = 0.2.

[“Improving neural networks by preventing co-adaptation of feature detectors”, Hinton et al. 2012]
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Dropout — at network level (train time)

Classical training loop with dropout:
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Dropout — at network level (train time)

Classical training loop with dropout:
@ Pick random samples

@ Mask random neurons

Input Hidden Hidden Hidden Output
layer layer 1 layer 2 layer 3 layer

@ Forward pass
@ Backward pass

o Update weights (via optimization algorithm)
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Dropout — at network level (train time)

Classical training loop with dropout:
@ Pick random samples

@ Mask random neurons

Input Hidden Hidden Hidden Output
layer layer 1 layer 2 layer 3 layer

@ Forward pass
@ Backward pass

o Update weights (via optimization algorithm)
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Dropout — at neuron level

Train time (dropout active) Test time (scaled weights)

w1

w3

Y = wia1 + wrar + wi3az + wrer y =(1—=p)(wia1 + woar + wzaz + waas)
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Dropout — at neuron level

Train time (dropout active) Test time (scaled weights)
()
()

Y = wia1 + wrar + wi3az + wrer y =(1—=p)(wia1 + woar + wzaz + waas)

Why? Output keeps the same average magnitude.
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Dropout algorithm

Training step. While not convergence
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Dropout algorithm

Training step. While not convergence

@ Inside one epoch, for each mini-batch of size m,

® Sample m different mask. A mask consists in one Bernoulli per node of the network (inner and entry nodes but
not output nodes). These Bernoulli variables are i.i.d.. Usually

* the probability of selecting an hidden node is 0.5
* the probability of selecting an input node is 0.8
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Dropout algorithm

Training step. While not convergence

@ Inside one epoch, for each mini-batch of size m,

® Sample m different mask. A mask consists in one Bernoulli per node of the network (inner and entry nodes but
not output nodes). These Bernoulli variables are i.i.d.. Usually

* the probability of selecting an hidden node is 0.5
* the probability of selecting an input node is 0.8
@ For each one of the m observation in the mini-batch,

* Do a forward pass on the masked network
* Compute backpropagation in the masked network

* Compute the average gradient

© Update the parameter according to the usual formula.

Prediction step.
Use all neurons in the network with weights given by the previous optimization procedure, times probability of
being selected (0.5 for inner nodes, 0.8 for input nodes).
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Another approach to dropout — ensemble methods
Average many different networks.

Different could mean:
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Average many different networks.

Different could mean:

o randomize data set on which we train each network (via subsampling).

Problem: not enough data to obtain good performance...
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Another approach to dropout — ensemble methods
Average many different networks.

Different could mean:

o randomize data set on which we train each network (via subsampling).

{2 S

A O/

XL

"v‘:‘:’}:é&o?iﬁ’:( Problem: not enough data to obtain good performance...
IR B0 & ¢

A/a\VAN

@ build different network architectures and train each large network

o ) separately on the whole training set.
<IN
.\\‘é%&{ffé\};%’ff'\ Problem: computationally prohibitive at training time and test time!
A{o..%»v.;,;g,;‘.

RS
S BEREARS
“9;;““\‘\\9}/}"‘\\{1 [“Fast dropout training”, Wang and Manning 2013]
.\\. [“Dropout: A simple way to prevent neural networks from overfitting”, Srivastava et al. 2014]
Drop weights instead of the whole neurons: [“Regularization of neural networks using

dropconnect”, Wan et al. 2013]
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Interpretation via linear units

One-layer linear neural network with mean squared loss:
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Interpretation via linear units

One-layer linear neural network with mean squared loss:

o Dropout network loss (§; ~ Ber(gi), gi proba of i to be selected) with weights w;
2

d
1
['dropout = 5 y - Z 0i WiXi
i=1

d

. o 9Lgropout __ 2.2
Gradient wrt w; is e = —ydixi + w07 xi + ijl_’#,. W 8i0iXiX;.
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Interpretation via linear units

One-layer linear neural network with mean squared loss:

o Dropout network loss (§; ~ Ber(gi), gi proba of i to be selected) with weights w;
2

d
1
['dropout = 5 y - Z 0i WiXi
i=1

- o OLdropout __ o 2.2 d
Gradient wrt w; is —5* = —yd;x; + w0; x; + ijl_#,.

@ Regular network loss with weights w/ = w;q;

d
1
Lregular = 5 y - E WiqiXi
i=1
a‘cregular

- 2.2 d
B T TYAiXi T wigi X+ ijl,j;&i Wi qiqixix;.

W/(S,'(SJ'X,'XJ'.

2

Gradient wrt w; is
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Interpretation via linear units

One-layer linear neural network with mean squared loss:

Xi
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Interpretation via linear units

One-layer linear neural network with mean squared loss:

Xi

e Dropout net.: E {%@f"”‘} = —yqixi + wigix? + qi(1 — qi)wix? + ZJ‘.’:U#, W, i XX
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Interpretation via linear units

One-layer linear neural network with mean squared loss:

Xi

e Dropout net.: E {%@f"”‘} = —yqixi + wigix? + qi(1 — qi)wix? + ZJ‘.’:U#, W, i XX

regular

L oL _ 2.2 d
o Regular net.: —3%= = —yq;x; + wiq; x; + ijl#i W, Qi qiXiX;.
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Interpretation via linear units

One-layer linear neural network with mean squared loss:

Xi

@ Dropout net.: E {Mg%;""’”‘} = —yqixi + wigPx? + gi(1— CI:')W,-X,-2 + Zj:u;/; Wi qiqiXiX;.

regular

L oL _ 2.2 d
o Regular net.: —3%= = —yq;x; + wiq; x; + ijl#i W, Qi qiXiX;.

So: expectated gradient for dropout net. is gradient for regular network plus regularization

1 d 2 18

§ § 2 2

Efregular+dropout regularization — E y - Wi qiXi + 5 q,(l - qi)Xi wi .
i=1 i=1
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Dropout as regularization

MLP with 3 hidden layers and noisy labels

—— train, no dropout
—=~- validation, no dropout
2.0
1.5 A
a
o
1.0
0.5 1
0.0 T T T T T T
0 50 100 150 200 250
epoch

Source: https://dataflowr.github.io/website/.
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Dropout as regularization

MLP with 3 hidden layers and noisy labels

—— train, no dropout
—-- validation, no dropout
2.0 4 ~—— train, dropout p=0.2
===~ validation, dropout p=0.2
1.5 A
a
ke
1.0
0.5 1
0.0 T T T T T T
0 50 100 150 200 250
epoch

Source: https://dataflowr.github.io/website/.
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Dropout as regularization

MLP with 3 hidden layers and noisy labels

\‘ A b A, oy
2.0
1.5 A
—— train, no dropout
o -=- validation, nodropout ~____===77
k=) —— train, dropout p=0.8 PPt
1.04 --- validation, dropout p=0.8 .-=~"~
0.5 1
0.0 T T T T T T
0 50 100 150 200 250

epoch

Source: https://dataflowr.github.io/website/.
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Outline

© Generalization & regularization

@ Batch normalization
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Batch normalization

The network converges faster if its input are scaled (mean, variance) and decorrelated.
[“Efficient backprop”, LeCun et al. 1998]

Hard to decorrelate variables: requiring to compute covariance matrix.

[“Batch normalization: Accelerating deep network training by reducing internal covariate shift”, loffe and Szegedy 2015]
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Batch normalization

The network converges faster if its input are scaled (mean, variance) and decorrelated.

[“Efficient backprop”, LeCun et al. 1998]

Hard to decorrelate variables: requiring to compute covariance matrix.

[“Batch normalization: Accelerating deep network training by reducing internal covariate shift”, loffe and Szegedy 2015]

Ideas:
@ allows higher learning rates,
@ reduces strong dependence on initialization,

o relates to regularization (slightly reduces the need for dropout).
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Algorithm

See [“Batch normalization: Accelerating deep network training by reducing internal covariate shift”, loffe and Szegedy 2015]

© For every neuron k =1,..., H in the layer, which outputs a,(k) for the ith observation (i =1,..., m) of

batch B,
o “Eak) = % Z,";l algk)
2] Uzs,k = % Z;’;l(a}k) -
0 a9 = 4t

= BNA(/(], ;(A’J(agk))

102/ 124



Algorithm

See [“Batch normalization: Accelerating deep network training by reducing internal covariate shift”, loffe and Szegedy 2015]

© For every neuron k =1,

batch B,
o uy =1

2 _ 1
@ op, =,

o 2 = 7(k)é§k) + 80 = BNA(,(], ;w:](a,“))

@ 2z is fed to the next layer and the procedure iterates.

..., H in the layer, which outputs agk) for the ith observation (i =1,..., m) of

_ “g‘))2
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Algorithm

See [“Batch normalization: Accelerating deep network training by reducing internal covariate shift”, loffe and Szegedy 2015]

© For every neuron k =1,.

batch B,
0 uy) = ,InZ:nl /(k
® ohu =52 —ug)
@ 2 =03 + 50 = BN ) (al)
Q z,.(k) is fed to the next layer and the procedure iterates.
@ Backpropagation also include (), 3 (init. 4 = 1,

, H in the layer, which outputs a

3(k

) for the ith observation (i=1,...,

=0)).

m) of

102/ 124



Algorithm

See [“Batch normalization: Accelerating deep network training by reducing internal covariate shift”, loffe and Szegedy 2015]

© For every neuron k =1,..., H in the layer, which outputs a,(k) for the ith observation (i =1,..., m) of
batch B,

k m k
o “Ea):%ZizlaE)
m k k
e o2, — 1 . (alﬁ)_“g)y
@ a ' =

Qo Z,-(k) = 7(k)§$k) + 80 = BNAU(], ;(kj}(a,gk))
Q z,-(k) is fed to the next layer and the procedure iterates.
@ Backpropagation also include (7', 3) (init. ¥ = 1, 3 = 0)).
@ For inference, compute the average over many training batches B of size m:
m
Bsla®] = Bs[ul’] and Va[a®] = " Esfo ]
© For inference, replace every function at¥) — BN .0 (a%) in the network by
Wy 0 (20 ZBsla®] ) e

V/Vilak] + ¢
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Batchnorm

08

£ —-=T Model Steps to 72.2% Max accuracy
Inception 31.0-10° 72.2%
BN-Baseline 13.3- 106 72.7%
T e e BN-x5 2.1-10° 73.0%
B BN-x30 2.7-10° 74.8%
+ - BN-x5-Sigmoid BN-x5-Sigmoid 69.8%

4 Steps to match Inception

10M 15M 20M 25M 30M

Figure 3: For Inception and the batch-normalized
variants, the number of training steps required to
reach the maximum accuracy of Inception (72.2%),
and the maximum accuracy achieved by the net-
work.

Figure 2: Single crop validation accuracy of Inception
and its batch-normalized variants, vs. the number of
training steps.

Source: [“Batch normalization: Accelerating deep network training by reducing internal covariate shift”, loffe and Szegedy 2015].

o larger learning rates,

@ reduces necessity for other regularization techniques ({2, dropout, ...).

o Nowadays: layer-norm [“Layer normalization”, Ba et al. 2016].
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Batchnorm

NIPS 2017 Test of Time Award
“Machine learning has become alchemy.”
by Ali Rahimi.

NIPS 2017 Test of Time Award "Machine learing has become alchemy.” | Ali Rahimi, Google

Welcome to NIPS 2017

This Facebook Live session includes the
NIPS 2017 Test-of-time award presentation
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Layer normalization

LayerNorm

CLASS torch.nn.LayerNorm (normalized_shape, eps=1e-85, elementwise_affine=True, bias=True,

device=None, dtype=None) [SOURCE]
Applies Layer Normalization over a mini-batch of inputs.

This layer implements the operation as described in the paper Layer Normalization

z — E[z]

/ Varz] + €
The mean and standard-deviation are calculated over the last D dimensions, where D is the dimension of

normalized_shape . For example, if normalized_shape is (3, 5) (a 2-dimensional shape), the mean and standard-
deviation are computed over the last 2 dimensions of the input (i.e. tnput.mean((-2, -1))).7 and 3 are learnable

affine transform parameters of normalized_shape if elementwise_affine is True.The variance is calculated via the

biased estimator, equivalent to torch.var(input, unbiased=False).

*7+8

oTE

Unlike Batch Normalization and Instance Normalization, which applies scalar scale and bias for each entire channel/
plane with the azfine option, Layer Normalization applies per-element scale and bias with elenentnise_azfine.

In short: similar to batchnorm, but no normalization accross batch:

for layer k (which has i = 1,..., H outputs).

H

H
K 1 K K 1 K
“():ﬁzag)’ ok — EZ(ag)_u(k))z
=1 i=1
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Outline

© Generalization & regularization

o Early stopping
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Early stopping

Idea:
@ Store the parameter values that lead to the lowest error on the validation set

@ Return these values rather than the latest ones.

High Bias Low Bias

Low Variance High Variance
i ------- adceaaa -
5]
K
[€a)
=
-
k3]
= Test Sample
B
=
s

Training Sample
Low High
Model Complexit; .
e Source: https://towardsdatascience.com

Early stopping: aim for the minimum of the validation/test curve.
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Early stopping algorithm

Parameters:
@ patience p of the algorithm: number of times to observe no improvement on the validation set error before
giving up;
@ the number of steps n between evaluations.
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Early stopping algorithm

Parameters:

@ patience p of the algorithm: number of times to observe no improvement on the validation set error before

giving up;
@ the number of steps n between evaluations.

@ Start with initial random values 0.
Q Let 0. =0y, Erry, =00, j=0,i=0.

Q Whilej < p
Update ¢ by running the training algorithm for n steps
i=i+n
Compute the error Err(0) on the validation set
If Err(0) < Erry
* 0, =0
* Err, = Err(0)
* j=0
else j =+ 1.

0000

@ Return 0. and the overall number of steps i, =i — np.
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How to leverage on early stopping?

First idea: use early stopping to determine the best number of iterations i, and train on the whole data set
for i, iterations.

Let X2y (train) he the training set.
° Spllt X(train)7y(train) into X(subtrafn)7y(subtrain) and X(va/id)7y(va/id).

@ Run early stopping algorithm starting from random ¢ using X(stbtrain) 'y (subtrain) for training data and

Xx(valid) -\ (valid) for yalidation data. This returns i, the optimal number of steps.
@ Set ¢ to random values again.

o Train on X2 y/(tr2in) gor i steps.
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How to leverage on early stopping?

Second idea: use early stopping on subset of training dataset to determine
@ best parameters and
@ the training error at the best number of iterations.

Starts ¢, train on full dataset until training error matches previous early stopping error.
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How to leverage on early stopping?

Second idea: use early stopping on subset of training dataset to determine
@ best parameters and
@ the training error at the best number of iterations.

Starts ¢, train on full dataset until training error matches previous early stopping error.

Let Xty (train) he the training set.

° Spllt X(train)’y(train) into X(subtrain)7y(subtrain) and X(va/id)7y(valid).

subtrain)  (subtrain
Y

Run early stopping algorithm starting from random ¢ using X' ) for training data and

X (valid) -\ (valid) or alidation data. This returns the optimal parameters 6.

Set £ = E((_)* , )((subtrau'n)7 y(subtrain)).

o While £(¢, X(alid) (vald)y ~ ¢ continue training on X(train) |y (train)
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To go further

o Early stopping is a very old idea
> [“Three topics in ill-posed problems”, Wahba 1987]

> [“A formal comparison of methods proposed for the numerical solution of first kind integral equations”, Anderssen and Prenter 1981]

> [“Overfitting in neural nets: Backpropagation, conjugate gradient, and early stopping”, Caruana et al. 2001]

@ But also an active area of research

> [“Adaboost is consistent”, Bartlett and Traskin 2007]

> [“Boosting algorithms as gradient descent”, Mason et al. 2000]

> [“On early stopping in gradient descent learning”, Yao et al. 2007]

> [“Boosting with early stopping: Convergence and consistency”, Zhang, Yu, et al. 2005]

> [“Early stopping for kernel boosting algorithms: A general analysis with localized complexities”, Wei et al. 2017]
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More on reducing overfitting

@ Soft-weight sharing:

[“Simplifying neural networks by soft weight-sharing”, Nowlan and Hinton 1992]

@ Model averaging:
Average over: random initialization, random selection of minibatches, hyperparameters, or outcomes of
nondeterministic neural networks.

@ Boosting neural networks by incrementally adding neural networks to the ensemble

[“Training methods for adaptive boosting of neural networks”, Schwenk and Bengio 1998]

@ Boosting has also been applied interpreting an individual neural network as an ensemble, incrementally
adding hidden units to the networks

[“Convex neural networks”, Bengio et al. 2006]
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Outline

O Allin all
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What did we see so far?

https://app.wooclap.com/YUKENL?from=instruction-slidelink to wooclap
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Pipeline for neural networks
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Pipeline for neural networks

@ Step 1: preprocess data (substract mean, divide by standard deviation). More complex if data are images.
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Pipeline for neural networks

@ Step 1: preprocess data (substract mean, divide by standard deviation). More complex if data are images.

@ Step 2: choose architecture (number of layers, number of nodes per layer).
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Pipeline for neural networks

@ Step 1: preprocess data (substract mean, divide by standard deviation). More complex if data are images.
@ Step 2: choose architecture (number of layers, number of nodes per layer).

@ Step 3:
@ First, run network and see if loss is reasonable (compare with dumb classifier: uniform for classification, mean
for regression)

© Add some regularization and check that the error on the training set increases.
© On small portion of data, make sure you can overfit when turning down the regularization.

@ Find best learning rate
@ Error does not change too much — learning rate too small.
@ Error explodes, NaN — learning rate too large.
@ Find a rough range, e.g., [107°,1073].

Playing with neural network:

http://playground.tensorflow.org/
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To go further

Kernel methods, kernel perceptron was already introduced by

[“Theoretical foundations of the potential function method in pattern recognition learning”, Aizerman 1964].
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To go further

Kernel methods, kernel perceptron was already introduced by

[“Theoretical foundations of the potential function method in pattern recognition learning”, Aizerman 1964].

General idea (work for all methods using only dot product): replace dot product by more complex kernel function.
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To go further

Kernel methods, kernel perceptron was already introduced by

[“Theoretical foundations of the potential function method in pattern recognition learning”, Aizerman 1964].
General idea (work for all methods using only dot product): replace dot product by more complex kernel function.

Linear separation in original space becomes linear separation in a more complex space, i.e., non linear separation
in original space.
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Software

Today's lab: Pytorch!

Frameworks

Paper Implementations grouped by framework

100%
@ other languages and frameworks
® PyTorch
@ TensorFlow
® Jax
= MXNet
E @ PaddlePaddle
G torch
H @ caffe2
£ @ Mindspore
o 0%
E
]
@
5
2
&
25%
0%

Dec19 Mar 20 Junzo Sep20 Dec 20 Mar 21 Jun21 Sep21 Dec21 Mar 22 Jun22 Sep22 Decz2z Mar 23 Jun23 Sep23 Dec23

Source: https://paperswithcode.com/trends.
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This afternoon

o play & design base neural nets and objects (backprop, optimizers).

o Get familiar with software — mostly PyTorch.
o Play with MNIST

i

SN 61V EIWIR~

o v \A£]W]— O

XY §NAVIN-C
I T =
QAN o kWP~

-
~B
i

» Data: annotated database of images (each image is represented by a vector of 28 x 28 = 784 pixel intensities),
> input: image,
> output: corresponding label (a number in 0-9).
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